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Abstract

An Eulerian±Lagrangian model is proposed to numerically predict the heat transfer between a vertical pipe wall and a turbulent

gas-solid suspension. The whole problem lies in the combined solution of mass, momentum, and energy equations written for each

phase. Closure equations devoted to turbulence and heat transfer simulation are also needed for the continuous phase. This problem

is treated using a k±e model and a turbulent Prandtl number model for the gaseous phase. The coupling terms standing for the ¯uid±

particle interactions are taken into account. The simulation of the dispersed phase dynamics is addressed using a Lagrangian model,

taking the particle±wall and particle±particle interactions into account. Additionally, the temperature of each particle is tracked

using a model for the convective heat exchange between the two phases. The accuracy of the thermal and dynamic solutions has been

tested for particles of diameter 200 and 500 lm, and for a wide range of loading ratios (0±20). Corresponding velocity and turbulent

kinetic energy pro®les are presented for the dynamic modelling validation, while Nusselt numbers are calculated for the study of the

thermal problem. Ó 2000 Elsevier Science Inc. All rights reserved.
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Notation

Ap surface area of a particle
CD drag coe�cient
Cp speci®c heat
dp particle diameter
g gravitational acceleration
hp heat transfer coe�cient around particles
k turbulent kinetic energy
m solid loading ratio
np number of particles (/m3)
Nu Nusselt number
NuL asymptotic Nusselt number
Nup particle Nusselt number
Nu0 pure air Nusselt number
Pr Prandtl number
Prt turbulent Prandtl number
QW wall heat ¯ux
Re pipe ¯ow Reynolds number
Rep particle Reynolds number
Ret turbulent Reynolds number
r radial co-ordinate
R pipe radius
Spk kinetic energy source term

Spe dissipation rate source term
Spu momentum source term
SpT heat source term due to ¯uid particle exchange
T temperature
Tm bulk average temperature
u� ¯uid velocity in wall unit
uc velocity at the pipe centre
uz ¯uid velocity
us friction velocity
vz particle velocity
Vp volume of a particle
y� wall distance in wall unit
z axial co-ordinate

Greeks
a solid volume fraction
e dissipation rate of turbulent kinetic energy
et thermal eddy di�usivity
j Von Karman constant
kf ¯uid thermal conductivity
m laminar cinematic viscosity
mt eddy viscosity
q density
sp particle relaxation time

Subscripts and superscripts
f ¯uid property
p particle property
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1. Introduction

Addition of particles in a gas turbulently ¯owing in a pipe is
well known to have an in¯uence on the dynamic ¯ow char-
acteristics and on the heat transfer between the wall and the
suspension. Among the factors a�ecting these phenomena, the
loading ratio, the particle characteristics, the inter-particle
collisions, the particle±turbulence interactions as well as the
¯ow regime have been identi®ed. At low loading ratios for
example, it has been experimentally noticed that the turbulent
intensity tends to decrease for small particles, while it tends to
increase for large particles. Simultaneously, the heat transfer
between the wall and the suspension seems to decrease at low
loading ratios and to increase at higher loading ratios. This last
phenomenon has been especially observed through experi-
mental data by Depew and Farbar (1963) and Jepson et al.
(1963), among others, who reported measurements of the
suspension Nusselt number as a function of the loading ratio
for several kinds of particles.

The aim of this paper is to present a numerical simulation
of a turbulent gas-solid ¯ow in a vertical pipe, heated by a
constant wall heat ¯ux. The injected particles are assumed to
be spherical with a diameter of 200 lm or 500 lm. The pre-
dictions of the velocity and temperature ®elds are based on an
Eulerian±Lagrangian approach. In fact, the work is in keeping
with various studies which aim to simulate these kinds of ¯ows
more and more accurately by means of Eulerian or Lagran-
gian modelling. For example, in the two-¯uid approach sug-
gested by Han et al. (1991), the turbulent Prandtl number is
expressed as a function of the solid-to-¯uid heat capacity ratio
and the ratio of the turbulent time scale to the particle thermal
relaxation time. Treating a similar problem, Avila and Cer-
vantes (1995) have used an Eulerian±Lagrangian approach
based on a standard k±e model and on an enthalpy balance for
the continuous phase, while the Lagrangian±Stochastic
deterministic (LSD) model was used to predict the particulate
phase motion, inter±particle collisions and wall±particle
interactions being neglected, however. Boulet et al. (1998)
have recently combined the two approaches, using a two-¯uid
model in order to simulate the dynamic and thermal charac-
teristics, closure being achieved on the basis of Lagrangian
simulation results.

In the present Eulerian±Lagrangian formulation, one of
the objectives was to bring special care to the interactions
between the turbulence and the particles. The formulation
thus takes into account the appropriate coupling terms in
the various equations. The ¯uid ¯ow is predicted by means
of a standard k±e model, whereas the thermal problem is
solved using a turbulent Prandtl number expression by
Kays (1994) for the closure. This formulation allows the
large increase of the turbulent Prandtl number in the near-
wall region to be taken into account. The dynamic features
of the particle ¯ow are predicted through an improved
version of the Lagrangian simulation presented by Oesterl�e
and Petitjean (1993), where particular attention is paid to
the e�ects of collisions undergone by particles. For the
present purpose, it has been supplemented by temperature
tracking based on the energy balance of each particle along
its trajectory.

In the following sections, the needed assumptions and the
mathematical formulation of the problem are ®rst presented.
Then, the numerical procedure is described, including the axial

and radial grid de®nition. Finally, after comparing predictions
concerning the ¯uid and the particle dynamics to experimental
data by Tsuji et al. (1984), the numerical heat transfer results
are validated against the experimental data by Depew and
Farbar (1963) and Jepson et al. (1963).

2. Formulation

2.1. Dynamic problem

The basic assumptions used in the mathematical formula-
tion of the dynamic models are the following:
1. the gas is incompressible;
2. the gas-solid suspension is ¯owing upward in a vertical pipe;
3. the ¯ow is quasi-developed in the axial direction (convec-

tion terms being neglected and velocity pro®les being only
altered due to ¯uid±particle interactions);

4. particles are solid, spherical, with a constant diameter.
Under above conditions, the k±e model may be written as

follows:
Momentum equation:

ÿ 1� ÿ a�dP
dz
ÿ qf 1� ÿ a�g � 1

r
d

dr
rqf 1�
�

ÿ a�mt

duz

dr
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1
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Dissipation rate equation:
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Closure equation:

mt � Cl
k

2

e
: �4�

Commonly adopted values are taken for the model constants
Cl, C1, C2, rk and re. The coupling terms Spu, Spk and Spe are
given by:

Spu �
aqp

sp

vz� ÿ uz�; �5�

where

sp � 4

3

qpdp

qf CD vz ÿ uzj j
is the particle dynamic relaxation time.

Spk � S 0puu0 � Spu uz ÿ Spu uz �6�

Spe � C
e
k

Spk �7�
as proposed by Berlemont et al. (1997) with C � 1; 9.

It must be noticed that this formulation of the source
terms for ¯uid turbulent kinetic energy and dissipation rate
does not allow the turbulence generation in particle wakes to
be taken into account. As shown by Crowe and Gillandt
(1998), who derived an equation for the ¯uid turbulent
kinetic energy which is in accordance with the previously
reported formulation by Hwang and Shen (1993), the source

t turbulent quantity
W property at the wall

averaged quantity
0 ¯uctuating quantity

382 P. Boulet et al. / Int. J. Heat and Fluid Flow 21 (2000) 381±387



term expression (6) is faulty in the limiting case of particles
arti®cially ®xed in position in a gas ¯ow. Unfortunately, in
the above-mentioned references, there is no available model
for the corresponding dissipation rate, which in this case
should include the dissipation in particle wakes. In the
presently used formulation by Eqs. (6) and (7), it is implicitly
assumed that the turbulence production and dissipation are
in equilibrium in the particle wake, an assumption which has
be proven to yield satisfactory results provided that the gas-
particle ¯ow is far enough from the asymptotic case con-
sidered by Crowe and Gillandt (1998). This is the reason why
the present model of coupling terms remains a commonly
used tool, keeping in mind that it is not capable of predicting
some observed turbulence augmentation in gas-solid ¯ows
with very large particles, as reported by Tsuji et al. (1984) for
example.

The simulation of the dispersed phase dynamics follows the
Lagrangian code presented by Oesterl�e and Petitjean (1993),
which is based on a probabilistic technique to treat the inter-
particle collisions. The e�ect of turbulent ¯uctuations is sim-
ulated by an eddy interaction model.

2.2. Thermal formulation

The basic assumptions used in the mathematical formula-
tion of the thermal problem, allowing the study of the heat
transfer between the heated pipe and the suspension, are the
following ones:
1. each particle has a uniform temperature and constant char-

acteristics;
2. the heat transfer by conduction due to particle-particle in-

teractions and wall-particles interactions is negligible;
3. the heat ¯ux at the pipe wall is uniform;
4. axial heat transfer is negligible compared to radial one;
5. temperatures considered are su�ciently low to neglect the

radiative transfer.
Under above conditions, the thermal problem for the ¯uid

¯ow is modelled as follows:
Energy balance:

1� ÿ a�qf Cpf uz
oTf

o z
� 1

r
o
o r

r 1�
�

ÿ a� �kf � qf Cpfet� oTf

o r

�
� SpT :

�8�
Closure relation:

et � mt=Prt: �9�
The expression of the turbulent Prandtl number Prt is given by
Kays (1994) as:

Prt �f0:5882� 0:228 mt=m� �
ÿ 0:0441 mt=m� �2 1� ÿ exp �� ÿ 5:165=mt�m��gÿ1

: �10�

The coupling term SpT which represents the heat exchange
between the particulate phase and the continuous phase, is
given by:

SpT � 6ahp

dp

Tp

ÿ ÿ Tf

�
; �11�

where hp, the heat transfer coe�cient characterising the con-
vection around particles, is deduced from a corresponding
particle Nusselt number: Nup � hp dp=kf de®ned as in Avila
and Cervantes (1995):

� 06Rep6 1 Nup � 1� �1� RepPr�0:333

� 16Rep6 100 Nup � Re0:41
p 1

�
� 1

RepPr

�0:333

Pr0:333 � 1

� 1006Rep6 2000 Nup � 0:752Re0:472
p 1

�
� 1

RepPr

�0:333

Pr0:333 � 1

�12�
The temperature of each particle is calculated along its
trajectory, by solving the following energy balance:

qpVpCp

dTp

dt
� hpAp�Tf ÿ Tp�: �13�

Finally, the associated boundary conditions are:

At the pipe inlet : Tf � Tp � T0;

at the axis : oTf =o r
��
r�0
� 0

At the wall : QW � ÿ kf oTf=o r
��
r�R
: �14�

3. Numerical procedure

Equations are numerically solved using a ®nite-di�erence
scheme. The geometry of the here-studied pipe may be divided
into two parts, the adiabatic inlet section and the heated sec-
tion. At the end of the ®rst part the ¯ow is assumed to be
dynamically fully developed. We are primary interested in the
second section, where the wall is heated, thus leading to a
thermally developing ¯ow. This arrangement is similar to the
classical set-up used in the above-mentioned experimental
works.

3.1. Numerical grid

In order to accurately handle the heat transfer problem, it is
necessary that the mesh width be small enough near the wall. A
logarithmic scheme as proposed by Wassel and Edwards
(1976) is used for the radial co-ordinate de®nition:

r�i� � R 1

�
ÿ 1

jRet

exp
i

nr
ln 1�

��
� j Ret�

�
ÿ 1

��
�15�

with i � 1; . . . ; nr� �, where nr is the number of nodes in the
radial direction, j is the Von Karman constant and Ret denotes
a turbulent Reynolds number de®ned as Ret � usR=m, usbeing
the friction velocity. For the axial co-ordinate, the following
grid de®nition, suggested by Azad and Modest (1981), is
adopted in the heated section:

z�i� � exp �i=nz� ln �cL=R� � 1� �� � ÿ 1

c=R
�16�

with i � 1; . . . ; nz� �, where nz is the number of nodes in the axial
direction, c is a constant and L designates the heated pipe
length. Numerical calculations have been carried out using the
above-described co-ordinates, with nr � 50, nz � 10, c � 10.
Such a low number of grid nodes in the axial direction was
chosen in order to reduce the storage needs for the Lagrangian
simulation, after comparison through Eulerian computation
(Boulet et al., 1998) has shown no signi®cant di�erence
between nz � 10 and nz � 100.

As the ¯uid phase dynamics is only solved in the core region
(between the pipe centre and a node located at y� � 30) using
the above-presented k±e model, some further dynamic data are
needed in the near wall region, in order that the heat transfer
problem may be treated very close to the wall. This di�culty is
surmounted by using an interpolation scheme between the wall
and the calculated values at y� � 30. However, instead of
applying a simple interpolation to calculate the velocity, the
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standard three-layer formulation has been preferred in the
near-wall region. Similarly, the eddy viscosity close to the wall
is calculated using the Van Driest formula as modi®ed in Azad
and Modest (1981):

mt � j
10

m exp ju�� �
"

ÿ 1ÿ ju� ÿ ju�� �2
2!

ÿ ju�� �3
3!

#
for y� < 40: �17�

3.2. Numerical technique

Equations are numerically handled using a ®nite di�erence
technique. An iterative numerical method is applied in order to
allow all the coupling terms between the two phases to be
taken into account. Numerical tests have been carried out in
order to give the optimum scheme to obtain the convergence of
the two-way approach.

The dynamic problem is ®nally treated according to the
following steps:
1. seeking for a solution to the continuous phase equations

starting with simple particle phase characteristics (constant
velocity and concentration);

2. tracking of particles injected in the corresponding air ¯ow;
3. solution of the continuous phase loaded with particles with

properties calculated above;
4. successive treatment of previous steps until satisfactory con-

vergence criteria are obtained.
In the hereafter presented examples, three successive loops
have been carried out between the Eulerian and the Lagran-
gian simulations, 5,000±15,000 particle trajectories being cal-
culated in each Lagrangian simulation. Any additional
coupling iteration did not introduce signi®cant alteration of
the dynamic results in case of moderate loading ratios (less
than 3.6).

After computing the two-phase ¯ow dynamics, the thermal
problem in the heated part of the pipe is dealt with, repeating
the two following steps successively:
1. seeking for a solution to the energy balance on the contin-

uous phase;
2. calculation of the particle temperature along their trajecto-

ries.
In the examples presented in the following section, two loops
between Eulerian and Lagrangian treatments were found to be
su�cient to yield stable numerical results for the thermal
problem. However, more coupling-iterations would be needed
for larger loading ratios.

4. Numerical validation

4.1. Dynamic characteristics

First validation tests have been carried out for the dynamic
characteristics, numerical results being compared to the ex-
perimental data of Tsuji et al. (1984). Velocity and streamwise
turbulent intensity pro®les are presented in Figs. 1±4. The
studied cases correspond to an air ¯ow loaded with particles
with a density of 1020 kg/m3 and a diameter of 500 lm. The
pipe diameter is 3.05 cm.

Velocity pro®les are plotted in Fig. 1 for a loading ratio of 2
and a mean ¯uid velocity of 8 m/s. Results are normalised,
dividing by the ¯uid velocity at the pipe centre. The same
presentation is kept in Fig. 2, for a larger loading ratio
(m � 3:6) and a similar mean ¯uid velocity of 7.89 m/s. Particle
velocity pro®les are especially well reproduced thanks to the
use of a realistic virtual wall model and inelastic bouncing

Fig. 1. Velocity pro®les (the thin line stands for the ¯uid and the heavy

line for the particles). Comparison with TsujiÕs experiments (symbols)

(Re �16,000; m � 2:0; dp � 500 lm).

Fig. 2. Velocity pro®les (the thin line stands for the ¯uid and the heavy

line for the particles). Comparison with TsujiÕs experiments (symbols)

(Re �16,000; m � 3:6; dp � 500 lm).

Fig. 3. Streamwise ¯uid r.m.s. velocity pro®les. Comparison with

TsujiÕs experiments (symbols) (Re �22,000; m � 1:3; dp � 500 lm).

384 P. Boulet et al. / Int. J. Heat and Fluid Flow 21 (2000) 381±387



conditions. One may also notice that velocity results are still
very good at larger loading ratio, even for the ¯uid velocity
(Fig. 2).

Figs. 3 and 4 are devoted to axial ¯uctuating velocity re-
sults, calculated in similar conditions. Particles are injected in
an air ¯ow with a mean velocity of 10.8 m/s. The loading ratio
is 1.3 for Fig. 3 and 3.4 for Fig. 4. Results are good at low
loading ratio (Fig. 3), whereas inaccuracies appear when more
particles are injected (Fig. 4). Considering the experimental
data by Tsuji et al. (1984), the ¯uid rms velocity should in-
crease at the pipe centre. On the contrary, numerical results
show a decrease. It seems that the present formulation of the
source terms, simulating the ¯uid turbulence alteration due to
particles, has to be improved, keeping in mind the above-
mentioned limitations for Eqs. (6) and (7). Both dissipation or
production of turbulence of the carrier ¯uid may arise, due to
inter-phase exchanges, in two-phase ¯ows. Here, production is
not obtained.

More tests should also be carried out in order to improve
the present simple k±e model. In particular, the turbulence
anisotropy is not taken into account. Multiple time scale
models should be also used, since their ability to simulate
turbulence alteration has been proved by Sato and Hishida
(1996). Finally, the e�ects of the concentration distribution
should be studied, considering its in¯uence on the inter-parti-
cle collisions, which are expected to signi®cantly a�ect the
particle dispersion, thus in¯uencing the ¯uid dynamics through
coupling terms.

4.2. Thermal results

The thermal problem solution has been tested by means of
comparisons with data by Depew and Farbar (1963) and
Jepson et al. (1963). Suspension Nusselt numbers have been
calculated using the following de®nition:

Nu � 2RQW

kf�TW ÿ Tm� : �18�

TW and Tm being the wall temperature and the bulk average
temperature, respectively.

Figs. 5 and 6 illustrate the comparison with the experiments
by Depew and Farbar, who used 200 lm spherical glass beads.
In Fig. 5, the Nusselt number at the end of the pipe, where the
¯ow is fully developed, is presented as a function of the loading
ratio. Agreement is good, but it must be noticed that the
corresponding loading ratios are relatively small. Some de-
crease in the Nusselt number is ®rst observed, then the nu-

merical results indicate that NuL increases with increasing
loading ratio.

In Fig. 6, local Nusselt numbers are plotted as a function of
the axial location along the pipe, for several loading ratios.
Qualitative agreement is obtained, showing the ability of the
simulation to reproduce the thermal entry length increase due
to the presence of particles. Results are even very good for
m � 0:52. Unfortunately, predictions become inaccurate for
the largest loading ratio, again indicating the limitations of the
present numerical code, as stated above in the section devoted
to the dynamic solution validation.

Fig. 7 presents similar tests performed in a case experi-
mentally studied by Jepson et al. (1963). Sand particles with
the same diameter (200 lm) were injected in an air ¯ow.
Comparisons are performed for the asymptotic Nusselt num-
bers, which are referred to the corresponding pure air ¯ow
Nusselt number. In agreement with previous observations, the
general variations are qualitatively obtained, but results be-
come inaccurate for loading ratios exceeding about 5. One may
notice that for very large values of m, coupling e�ects between

Fig. 5. Nusselt number as a function of the loading ratio. Comparison

with Depew and FarbarÕs experiments (symbols) (Re �13,500;

dp � 200 lm).

Fig. 6. Nusselt number as a function of axial position. Comparison

with Depew and FarbarÕs experiments (symbols) (Re �13,500;

dp � 200 lm).

Fig. 4. Streamwise ¯uid rms velocity pro®les. Comparison with TsujiÕs
experiments (symbols) (Re �22,000; m � 3:4; dp � 500 lm).
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the two phases are supposed to be very strong. Numerical tests
are therefore currently performed about the in¯uence of the
number of tracked particle and the number of iterations be-
tween Eulerian and Lagrangian models, in order to improve
the results.

Further computations have been performed for larger
particles, with a diameter of 500 lm. Figs. 8 and 9 present the
corresponding results, as compared to experimental data by
Jepson et al. (1963), for respective Reynolds number equal to
30,400 and 46,000. As can be seen, the agreement is good for
such larger particles, in this range of loading ratio (m < 8). The
decrease in the Nusselt number, for low loading ratio, is
stronger than previously seen for smaller particles. On the
contrary, the increase, observed when more particles are in-
jected, is weaker. All those phenomena due to particle e�ects
on dynamic and thermal behavior of the suspension are well
simulated numerically.

Considering the ®rst tests performed using the present
simulation, a qualitative description of the dynamic and
thermal behaviour of the suspension has been obtained.
However, the agreement between numerical results and

experimental ones has not been found satisfactory at high
loading ratio. This corresponds to ¯ows where turbulence is
signi®cantly modi®ed by particles. We therefore consider that
this phenomenon is still misrepresented by our simulation at
this moment, as previously noticed. Some further investiga-
tions must be carried out in this ®eld. Moreover, the closure
equations used in the present model are not satisfactory, since
the turbulence anisotropy and the particle in¯uence on the
¯uid phase turbulent Prandtl number are not yet taken into
account. These will also be two major investigation subjects to
be developed soon. Finally, more tests will be performed for
various particle diameter, including very small ones, for which
dispersion phenomena are strongly a�ecting the particle tra-
jectories.

5. Conclusion

An Eulerian±Lagrangian model has been presented in order
to predict the heat transfer between a turbulently ¯owing gas-
solid suspension and a vertical pipe with a uniformly heated
wall. A k±e model combined with a complete particle tracking
has been used, including coupling terms to simulate the ¯uid-
particle interactions.

Although the presented preliminary tests indicate encour-
aging results, the model becomes unsatisfactory as loading
ratio rises. Further study is now necessary in order to extend
the validity range of the code to higher loading ratios. Sub-
sequent investigations will be carried out, particularly in order
to improve the formulation of the closure equations and the
coupling terms used for the continuous phase.
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